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Abstract. The aim of this paper is to prove ergodic decomposition 
theorems for probability measures quasi-invariant under Borel actions of 
inductively compact groups (Theorem [T) as well as for cr-finite invariant 
measures (Corollary[T}. For infinite measures the ergodic decomposition 
is not unique, but the measure class of the decomposing measure on the 
space of projective measures is uniquely defined by the initial invariant 
measure (Theorem|2). 
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1. Introduction. 
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^1 1.1. Outline of the main results. The first result of this paper establishes 

I existence and uniqueness of ergodic decomposition for probability mea- 

sures quasi-invariant under Borel actions of inductively compact groups 
O ■ (Theorem [T]). First we show in Proposition |2]that for actions of inductively 

ly^ I compact group ergodicity of a quasi-invariant measure is equivalent to its 

O ' indecomposability (as Kolmogorov's example [5] shows, this equivalence 

does not hold for measure-preserving actions of general groups). The er- 
godic decomposition is then constructed under the additional assumption 
that the Radon-Nikodym cocycle of the measure is continuous in restriction 
to each orbit of the group (the fibrewise continuity condition). This con- 
■ dition is only restrictive for actions of uncountable groups. The proof of 

Theorem [T] relies on Rohlin's method of constructing ergodic decomposi- 
tions. 

Theorem [T] is then applied to cr-finite invariant measures. In this case the 
ergodic decomposition is not unique. The measure class of the decompos- 
ing measure on the space of projective measures is however uniquely de- 
fined by the initial invariant measure (Theorem |2). In the sequel [3] to this 
paper, its results are applied to the ergodic decomposition of infinite Hua- 
Pickrell measures, introduced by Borodin and Olshanski []2l, on spaces of 
infinite Hermitian matrices. 

For completeness of the exposition, Kolmogorov's example of a group 
action admitting decomposable ergodic measures is also included. 
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For actions of the group Z with a quasi-invariant measure, the ergodic 
decomposition theorem was obtained by Kifer and Pirogov LZJ who used 
the method of Rohlin [ 1 1 J • 

For actions of locally compact groups, a general ergodic decomposition 
theorem is due to Greschonig and Schmidt [6] whose approach is based on 
Choquet's theorem (see, e.g., [0). In order to be able to apply Choquet's 
theorem, Greschonig and Schmidt use Varadarajan's theorem llT4l claiming 
that every Borel action of a locally compact group admits a continuous real- 
ization (see Theorem|3]below). It is not clear whether a similar result holds 
for inductively compact groups (see the question following Theorem |3]). 

For the natural action of the infinite unitary group on the space of infinite 
Hermitian matrices, ergodic decomposition of invariant probability mea- 
sures was constructed by Borodin and Olshanski [2J. Borodin and Olshan- 
ski [2] rely on Choquet's Theorem, which, however, cannot be used directly 
since the space of infinite Hermitian matrices is not compact. Borodin and 
Olshanski embed the space of probability measures on the space of infinite 
Hermitian matrices into a larger convex compact metrizable set to which 
Choquet's Theorem can be applied. 

Rohlin's approach to the problem of ergodic decomposition requires nei- 
ther continuity nor compactness, and the results of this paper apply to all 
Borel actions of inductively compact groups. The martingale convergence 
theorem is used instead of the ergodic theorem on which Rohlin's argument 
relies; the idea of using martingale convergence for studying invariant mea- 
sures for actions of inductively compact groups goes back to Vershik's note 

m. 

1 .2. Measurable actions of topological groups on Borel spaces. 

1.2.1. Standard Borel spaces. Let X be a set, and let S be a sigma- algebra 
on X. The pair {X, S) will be called a standard Borel space if there exists 
a bijection between X and the unit interval which sends 23 to the sigma- 
algebra of Borel sets. We will continue to call S the Borel sigma- algebra, 
and measures defined on 23 will be called Borel measures. 

Let dyt{X) be the space of Borel probability measures on X. A natural 
(T-algebra S(9Jt(X)) on the space m{X) is defined as follows. Let A e X 
be a Borel subset, let a G M, and let 

MA,a = {iye m{X) : u{A) > a}. 

The (T-algebra 23(9Jt(X)) is then the smallest cr-algebra containing all sets 
MA,a, A E 53 (X), a eR. Clearly, if (X, 3) is a standard Borel space, then 
(9Jl(X), S(9Jt(X)) is also a standard Borel space. 
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A Borel measure u ona standard Borel space (X, S) is called a -finite if 
there exists a countable family of disjoint Borel subsets 

Xi, X2, . . . , Xn, . . . 

of X such that 

00 

X=[jXr. 
n=l 

and such that z/(X„) < +00 for any n e N. We denote by W^{X) the 
space of all (j-finite Borel measures on X (note that, in our terminology, 
finite measures are also cr-finite). The space admits a natural Borel 

structure: the Borel u-algebra is generated by sets of the form 

{v e 9Jl°°(X) : a < iy{A) < /3} , 

where a, /3 are real and ^4 is a Borel subset of X. 

If is a Borel measure on X and / e Li{X, u), then for brevity we 
denote 

X 

As usual, by a measure class we mean the family of all sigma-finite Borel 
measures with the same sigma-algebra of sets of measure zero. The mea- 
sure class of a measure u will be denoted [p]. We write ui <C z/2 if 1^1 is 
absolutely continuous with respect to ^2, while the notation ui ± 1/2 means, 
as usual, that the measures i^i , f 2 are mutually singular. 

1.2.2. Measurable actions of topological groups. Now let G be a topolog- 
ical group endowed with the Borel sigma-algebra. Assume that the group 
G acts on X and forgEG let Tg be the corresponding transformation. The 
action will be called measurable (or Borel) if the map 

T : G X X ^ X, T(^, x) = TgX 

is Borel-measurable. The group G acts on Tl{X). It will be convenient for 
us to consider the right action and for g E G to introduce the measure 

iyoTg{A) = u{TgA). 

The resulting right action is, of course, Borel. 

1.2.3. Inductively compact groups. Let 

K{1) C K(2) C ... C K{n) C ... 

be an ascending chain of metrizable compact groups and set 

00 

G=\jK{n). 

n=l 
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The group G will then be called inductively compact. Natural examples are 
the infinite symmetric group 



oo 



S{oo) 



[jS{n) 



n=l 



or the infinite unitary group 



oo 



C/(oo) 



[jU{n) 



n=l 



(in both examples, the inductive limit is taken with respect to the natural 
inclusions). 

An inductively compact group G is endowed with the natural topology of 

the inductive limit, under which a function on G is continuous if and only 
if it is continuous in restriction to each K{n). The Borel cr-algebra on G is 
the span of the Borel a-algebras on K(n), n G M. 

1.3. Cocycles and measures. 

1.3.1. Measurable cocycles. In this paper, a measurable cocycle over a 
measurable action T of a topological group G will always mean a positive 
real-valued multiplicative cocycle, that is, a measurable map 

p : G X X ^ M>o 
satisfying the cocycle identity 

p(gh, x) = pig, Thx) ■ p{h, x). 

Given a positive real- valued multiplicative cocycle p over a measurable ac- 
tion T of a topological group G, introduce the space 971(1, p) C Tl{X) of 
Borel probability measures with Radon-Nikodym cocycle p with respect to 
the action T: 

9Jt(1, p) = lue DJl{X) : ^ {x) = p{g, x) for all g e G and i/-almost all x e X 

Note that for a given probability measure u, quasi-invariant under the action 
1, its Radon-Nikodym cocycle is not uniquely, but only almost uniquely 
defined: if two Radon-Nikodym cocycles pi, p2 corresponding to the same 
measure u are given, then for any g e G the equality 

holds for i/-almost allx E X. 

Nonetheless, the space 9]?(T, p) is a convex cone. Indeed, if 




1,2 



A 
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then also 

{ui + z/a) o Tg{A) = J p{g, x) d{ui + U2). 

A 

1 .3.2. Indecomposability and ergodicity. As before, let p be a positive real- 
valued multiplicative measurable cocycle over a measurable action X of a 

topological group G on a standard Borel space (X, S). 

A measure G 9Jt(T, p) is called indecomposable in p) if the 

equality y = avi + (1 — oi)i'2, with a G (0, 1), z/i, V2 G implies 

Recall that a Borel set A is called almost invariant with respect to a Borel 
measure z^ if for every g E G we have z/(AATp74) = 0. Indecomposability 
can be equivalently reformulated as follows. 

Proposition 1. A Borel probability measure v G 9Jt(T, p) is indecompos- 
able in 93t(T, p) if and only if any Borel set A, almost-invariant under 
the action % with respect to the measure v, satisfies either ^{A) — Q or 
v{X \ ^) = 0. 

A measure v G S[)T(T, p) is called ergodic if for every G-invariant Borel 
set A we have either i'{A) = or z/(X \ A) =0. The set of all ergodic 
measures with Radon-Nikodym cocycle p is denoted Tlergi^, p)- 

Indecomposable measures are a fortiori ergodic. For actions of general 
groups, ergodic probability measures may fail to be indecomposable: as 
Kolmogorov showed, the two notions are different for the natural action of 
the group of all bijections of Z on the space of bi-infinite binary sequences 
(for completeness, we recall Kolmogorov's example in the last Section). 
An informal reason is that actions of "large" groups may have "too few" or- 
bits (a countable set in Kolmogorov's example), and consequently a convex 
combination of distinct ergodic measures may also be ergodic. 

Nevertheless, for actions of inductively compact groups, the two notions 
coincide: 

Proposition 2. Let % be a measurable action of an inductively compact 
group G ona standard Borel space {X, S), and let p be a positive measur- 
able multiplicative cocycle over 'X.Ifa measure u G 9Jl(T, p) is ergodic, 
then V is indecomposable in p). 

1.4. Ergodic decomposition of quasi-invariant probability measures. 

1.4.1. Fibrewise continuous cocycles. To formulate the ergodic decompo- 
sition theorem for quasi-invariant measures, we need additional assump- 
tions on the Radon-Nikodym cocycle p. 

Let X be a measurable action of a topological group G on a standard 
Borel space {X,'B). 
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Definition. A positive real- valued measurable cocycle p : G x X — )■ ]R>o 
over the action T will be called fibrewise continuous if for any x G X the 
function : G ^ ]R>o given by the formula Px{g) = p{g, x) is continuous. 

Remark. If G is inductively compact, 



then, by definition of the inductive limit topology, the requirement of fibre- 
wise continuity precisely means that for any n G N the function defined 
above is continuous in restriction to K{n). 

For general actions of topological groups, it is not clear whether the set of 
measures with a given Radon-Nikodym cocycle is Borel. That is the case, 
however, for actions of inductively compact groups and fibrewise continu- 
ous cocycles: 

Proposition 3. Let p be a fibrewise continuous cocycle over a measurable 
action % of a separable metrizable group G on a standard Borel space 
(X, S). Then the set p) is a Borel subset ofm{X). 

Indeed, for fixed g E G the set 



is clearly Borel. Choosing a countable dense subgroup in G, we obtain the 
result. 

In Proposition [10] below, we shall see that for a measurable action of 
an inductively compact group, the set of ergodic measures with a given 
fibrewise continuous Radon-Nikodym cocycle is Borel as well. 

1.4.2. Integrals over the space of measures. Let i> G TtiVJl{X)), in other 
words, let i/ be a Borel probability measure on the space of Borel probability 
measures on X. Introduce a measure u G Tl{X) by the formula 



The integral in the right-hand side of ([T) is understood in the following 
weak sense. For any Borel set A C X, the function int^ : — t- M 
given by the formula mtA{i]) = vi^) clearly Borel measurable. The 
equality © means that for any Borel set A C X we have 



oo 



G=[jK{n), K{n)cK{n+l) 



n=l 




(1) 




m{x) 



(2) 




m(x) 
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1.4.3. The ergodic decomposition theorem. 

Theorem 1. Let % be a measurable action of an inductively compact group 
G on a standard B Orel space (X, S). Let p be afibrewise continuous pos- 
itive real-valued multiplicative cocycle over %. There exists a Borel subset 
X d X and a surjective Borel map 

n: X^ Merg (p, 1) 

such that 

(1) For any r] G DJtergip, 'X) we have rj {71^^(1])) = 1, 

(2) For any z/ e 3Jl (p, T) we have 

i/= J r)dP{r)), 

where P — tt^u. In particular, for any v e 9Jt (p, T) we have 

u{X) = 1. 

(3) The correspondence v ^ v is a Borel isomorphism between Borel 
spaces 9Jl('X, p) and 9Jt(2Jlerg(T, p)), and if u & 9Jt(T, p) and v e 
QJt(9Jterg(T, p)) such that we have 

then i> — V. 

(4) For any z/i, z/2 G 9Jtcrg('X, p), we /zave i^i <^ V2 if and only ifVi -C 
V2, and Ui ± U2 if and only ifVi ± V2. 

1.5. Ergodic Decomposition of Infinite Invariant Measures. 

1.5.1. Reduction to an equivalent finite measure. We now apply the above 
results to Borel actions preserving an infinite measure. Given a measurable 
action % of the group G, we denote by 0}tf^^,(1') the subset of G-invariant 
measures in 9Jl°°, by 9Jt^g(X) the subset of G-invariant ergodic measures 
in m°°. It is not clear whether the sets ^-^^{l) and 9Jt^g(T) are Borel. It 
will be therefore convenient to consider smaller subsets of 9Jt°°, namely, of 
measures that assign finite integral to a given positive measurable function. 

To simplify notation, consider the space X fixed and omit it from no- 
tation, writing, for instance, 3Jt instead of Also, for a measure 
V e m°° and / e Li{X, v) write 
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Given a positive measurable function / on X, we set 

mf = {uem°° : f eLi{X,v)}. 

Introduce a map 

Pf.mf — >m 

by the formula 



(3) Pfii^ 



Introduce a cocycle p/ over the action T by the formula 

A measure u G is T-invariant if and only if 
Denote 

OJt^i = [uemf : z^(/) = l}; 
2?t^i,inv(2:) = mf^,nmz{%)- 

The set 971^"^ is Borel by definition. The map Pf yields a Borel isomorphism 
of Borel spaces 97tj^^ and 97t; the former is consequently a standard Borel 
space. Furthermore, we clearly have 

^/(9^Ai,inv) = 9^(2:, P/); 

In order to be able to apply Theorem [Tito S[)T(T, p/), we need an addi- 
tional assumption on the function /. 

Definition. A Borel measurable function / : X — )■ M is said to be^- 
brewise continuous if for any x e X the function f{Tgx) is continuous in 
geG. 

In particular, if X is a metric space, and the action T is itself contin- 
uous, then any continuous function is a fortiori fibrewise continuous. To 
produce continuous integrable functions, one can use the following simple 
proposition. 

Proposition 4. Let X be a metric space, and let v be a sigma-finite Borel 
measure on X assigning finite weight to every ball. Then the space i^i (X, u) 
contains a positive continuous function. 
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Proof. Let d be the metric on X, take xq G X, let ij) : M+ — ^ M>o be 
positive, bounded and continuous, and set f{x) = tp{d{x, Xq)). The mass 
of every ball is finite, so, if the function tp decays fast enough at infinity, 
then/ G Li(X,z/). □ 

If the function / is fibrewise continuous then the cocycle pf given by the 
formula 



fix) 



is fibrewise continuous as well. Consequently, the sets Mj"^ and Mj^ 
are Borel subsets of 971°°, and so are the sets 501^°^^ and '^f^crg- 

Without losing generality assume z/(/) = 1 and consider the ergodic 
decomposition 



(4) /z/= J r]di>{r]) 

of the measure fu in Tl{%, pj). Dividing by /, we now obtain an ergodic 
decomposition 

(5) u = J 7] di){ini) 

of the initial measure v; note that, by construction, the correspondence v — )■ 
u is bijective. 

Theorem [T] now implies the following 

Corollary 1. Let Ibe a measurable action of an inductively compact group 
G on a standard Borel space (X, S). Let / : X — )■ ]R>o be measurable, 
positive and fibrewise continuous. Then: 

(1) The sets DTt^^ and OJl^i ,,g(T) are Borel subsets ofm^{X). 

(2) Every measure r] G OJtj^]^^j.g('X) is indecomposable in 971^°^ jj^y(T). 

(3) For any v G jj^y(T) there exists a unique Borel probability 
measure V on 97tj^]^ gj.g(T) such that 



(6) f = j rj di'{r]). 

/,l,org\ ' 

The bijective correspondence u ^ V is a Borel isomorphism of 
Borel spaces i^^(T) and m {mf^^^^^^{%)). 

Corollary [H immediately implies 
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Corollary 2. Let %be a measurable action of an inductively compact group 
G on a standard Borel space (X, 3), and let v be a a-finite %-invariant 
Borel measure on X such that the space Li (X, v) contains a positive Borel 
measurable fibrewise continuous function. Then the measure v admits an 
ergodic decomposition. 

Indeed, an ergodic decomposition is obtained by taking the positive Borel 
measurable fibrewise continuous function / G Li{X, u), and dividing by / 
the decomposition ^ of the measure fu. Such an ergodic decomposition 
is of course not unique and depends on the choice of the positive Borel 
measurable fibrewise continuous integrable function. 

It is convenient to allow more general ergodic decompositions of infinite 
measures. Given a measure u E 971°° (X) and a cr-finite Borel measure V on 
fm°°(X),the equality 



(7) 1/ = J 1] diy{ri) 

will always be understood in a similar way as above, in the following weak 
sense. Given a Borel set A, as above we consider the function 

intA : ^ ffi>o U {oo} 

defined by 

intA(?7) = Vi^)- 

The equality (|7]) means that for any Borel set A satisfying z/(A) < +oo 
we have int^ G Li(9Jl°°(X), z7) and 



u{A) = J r]{A)dV{'q). 

m°°(x) 

For a measure u invariant under the action T, a decomposition 



(8) u = J ridi'{ri) 

will be called an ergodic decomposition of z/ if 17 is a a-finite measure on 
dJt°°{X) and I7-almost all measures i] E Tl°°{X) are invariant and ergodic 
with respect to the action %. Such decomposition is, of course, far from 
unique: indeed, if 
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is a Borel measurable function such that ipijf) > for z/-almost all 7], then a 
new decomposition is obtained by writing 

d{^{ri)v{ri)). 

1.5.2. Projective measures and admissibility. As before, we consider the 
space X fixed and omit it from notation. Introduce the projective space 
P9Jl°°, the quotient of 9Jt°° by the projective equivalence relation ~ defined 
in the usual way: 

vi ~ z/2 if vi = \v2 for some A > 0. 

Let 

be the natural projection map. Elements of P9}t°° will be called projective 
measures; finiteness, invariance, quasi-invariance and ergodicity of projec- 
tive measures are defined in the obvious way, and we denote 

pan- (T) = p(aJt- (T)); P9Jt- (T) = 

The Borel structure in the space P9Jt°° is defined in the usual way: a set 
A C P9Jl°° is Borel if its preimage -p'^^A) is Borel. 

Definition. A measure V G 0Jt°°(9Jt°°) is called admissible if the projec- 
tion map p is //-almost surely a bijection. 

For example, any measure supported on the set OTt°° (971) or, for a positive 
measurable /, on the set S[)T°°(97tj^J, is automatically admissible. 

If the measure V in an ergodic decomposition ^ is admissible, then the 
ergodic decomposition is called admissible as well. 

The following theorem shows that for a given invariant sigma-finite mea- 
sure z/, the measure class of the measure p*z7 is the same for all admissible 
ergodic decompositions ([8]). 

Theorem 2. Let % be a measurable action of an inductively compact group 
G on a standard Borel space {X, "B), and let u be a a-finite %-invariant 
Borel measure on X such that the space Li{X, v) contains a positive Borel 
measurable fibrewise continuous function. Then there exists a measure 
class PCL{u) on P9Jl°° with the following properties. 

(1) For any u E PCL{u) we have i>(P9Jt°° \ P0?t;^g(1)) = 0. 

(2) For any admissible ergodic decomposition 

V = J T] dV^T]) 

of the measure v we have p*z7 g PCLiv). 
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(3) Conversely, for any a-finite Borel measure v G PCLiv) there exists 
a unique admissible a-finite Borel measure V on 971°° (X) such that 
p^I7 = V and 

V = / r]dT7(r]). 



(4) Let Vi and he two %-invariant a-finite Borel measures, each ad- 
mitting a positive fibrewise continuous integrable function. Then 
Vi <^ V2 if and only if PCL{vi) ^ PCL(i'2) <^nd vi _L z/2 if and 
only ifPCL{ui) ± PCL{u2). In particular, PCL{vi) = PCL{v2) 
if and only if [ui] = [1^2]. 

1.5.3. Infinite measures all whose ergodic components are finite. Consider 
the set POJf of finite projective measures and let z/ be a sigma-finite invari- 
ant measure such that PCL{u) is supported on FTl. In this case take an 
arbitrary ergodic decomposition 

u = j 7] di'{r]) 



and deform it by writing 

V 



r^(l) 



In this way we obtain an ergodic decomposition 

r]dV{r]), 

where the measure V, supported on S[)Terg(T), is uniquely defined by v. 
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2.1. Averaging over orbits of compact groups. Let be a compact group 
endowed with the Haar measure jiK and let %k be a measurable action of 
-ft" on a standard Borel space (X, 23). Let p be a positive multiplicative real- 
valued measurable cocycle over the action %k- Let B(X) be the space of 
bounded measurable functions on X endowed with the Tchebychev metric. 
Introduce an operator A^^ : B(X) — B(X) by the formula 



It is clear that A''^ is a positive contraction on the space B(X). 

Let Jx be the a-algebra of /T-invariant subsets of X, and, for a given 
measure u, let be the completion of 3k with respect to u. 

As before, 07t(TA', p) stands for the space of Borel probability measures 
on X with Radon-Nikodym cocycle p with respect to the action 

Lemma 1. For any v G 9Jl(Tx, p) and any f G Li{X, v) both integrals on 
the right-hand side o/(|9l) are v -almost surely finite. The extended operator 
is a positive contraction of Li{X, u), and we have the u-almost sure 
equality 



Remark. Note that the left-hand side of (flOl) does not depend on the 
measure v, only on the cocycle p. This simple observation will be important 
in what follows. 

Proof. Let p^ : i^" — )■ M be defined by the formula 

px{k) = p{k,x). 

From the Fubini Theorem it immediately follows that for //-almost every 
X G X we have p^ G Li{K, px). Now take (f G Li{X, u) and set 



2. Averaging operators. 



(9) 




(10) 



= E(/ I J^). 



(Px{k) = (p(Tkx)p{k,x). 
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Proposition 5. For v-almost every x G X we have ipx G Li{K, hk)- 

Consider the product space K X endowed with the measure z> defined 
by the formula 

(11) di) = p{k,x) dfiK du- 

For any fixed ko E K we have 

p{ko, x) du{x) = 1, 

X 

whence i> is a probability measure. 
For any k E K we have 



\(p{Tkx) \ ■ p{k,x) dv{x) 



\'{>{x) \ du{x) 



so the function (p{k,x) = ip{Tkx) satisfies <^ G Li{K x X, u). The claim 
of the Proposition follows now from the Fubini Theorem. 

We return to the proof of Lemma [1] First, the cocycle property implies 
that 

A''j^(f{x) = A^^ip{Tkx) 

for any k E K.^y the Fubini Theorem applied to the space KxX endowed 
with the measure u, for any Borel subset A C X and any E Li {K x X, u) 
we have: 



(12) j J (p{k, x) p{k^ x) dpxik) diy{x) 

A K 

^ ' Lp{k, x) p{k, x) dpxik) 




A K 



\ 



K 



\ 



p{k, x) dpxik) 



p{k, x) dpxik) dv{x). 



K 



J 



Now take ip E Li (X, u) and apply the above formula to the function 

(p{k,x) = ip{Tkx) 
(note here that (p E Li{K x X, v) by Fubini's theorem). We obtain 



Lp{Tkx) du o Tk{x) \ dpK{k) = J I J A''j^ip{x) du o Tk{x) | dpxik). 

K \A / K \a 
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Now let the set A be fi'-invariant. Recalling that the function A'^if is 
K-invariant as well, we finally obtain 

(p{x) di'{x) = / A^j^(p{x) diy{x), 

J A 

A 

and the Lemma is proved completely. □ 

2.2. Averaging over orbits of inductively compact groups. As above, let 

+00 

G=[j K{n), K{n) C K{n + 1) 

n=l 

be an inductively compact group, and let denote the Haar measure on 
the group K{n). Assume we are given a measurable action T of G on a 
standard Borel space (X, 25). Let Jx(„) stand for the a-algebra of K{n) - 
invariant measurable subsets of X, and let be the a-algebra of G-invariant 
subsets of X. Clearly, we have 

oo 

= Pi '^K{n)- 

n=l 

Let p be a positive measurable multiplicative cocycle over the action T. 

The averaging operators A^j^^^y n G N, are defined, for a bounded mea- 
surable function on X, by formula For brevity, we shall sometimes 
write ^{^ = ^^(„). 

Now take u G 0Jt(1, p) and let Tj^^^^^y Jq be the completions of the sigma- 
algebras JA'(n> with respect to the measure u. 

By the results of the previous subsection, for any Lp E Li(X, u), we have 
the zz-almost sure equality 

yi^^ = E(v.|J^-(„)). 

Since ^^(n+i) ^ '^K{n)' reverse martingale convergence theorem im- 
plies the following 

Proposition 6. For any Lp E Li {X, v) we have 

lim yi^;^ = E(v9 1 31) 

n— >oo 

both p-almost surely and in Li{X, v). 

Introduce the averaging operator A'^^ by setting 
yi^<^(x) = lim AP,,^{x). 

n— >oo 

If for a given x E X the sequence AP^Lp{x) fails to converge, then the value 
is not defined. From the definitions and the Reverse Martingale 
Convergence Theorem we immediately have 
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Proposition 7. A measure t] G DJl{%, p) is ergodic of and only if for any 

if G Li{X, rf) we have 



J X 

almost everywhere with respect to the measure t]. 

Conversely, we have 

Proposition 8. Let r] G 97t(T, p) and assume that there exists a dense set 
\1/ C Li (X, f]) such that for any ^ G \& we have 



almost surely with respect to rj. Then the measure rj is ergodic. 

2.3. Equivalence of indecomposability and ergodicity: proof of Propo- 
sition |2l 

Proposition 9. Let A be a G -almost-invariant Borel subset of X. Then 
there exists a G-invariant Borel set A such that 



Proof. Let xa be, as usual, the indicator function of A. If A is G-almost- 
invariant, then for almost every x e A and all n G N we have 



Indeed, consider the set K{n) x A endowed with the product measure 
fJ'Kin) X ^- For almost all points {k, x) G K(n) x A by definition we 
have T^x G A. By Fubini's theorem, for almost every x G X the set 
{k G K{n) : TkX G A} has full measure, whence A'^XAix) = 1 as desired. 
Now introduce the set A as follows: 

A = {x E X : A^XAix) = 1 for all sufficiently large n G N}. 

By definition, A D A. On the other hand, since for x E A we have 
■^^c<,Xa{x) = 1, the equality 





p{A AA) = 0. 



Kxa{x) = 1. 




X 



implies i/( A) < z/(A), whence z/(A A A) = and the proposition is proved. 



□ 
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2.4. The set of ergodic measures is Borel. 

Proposition 10. Let p be afibrewise continuous cocycle over a measurable 
action 1. of an inductively compact group G on a standard Borel space 
(X, 3). Then the set DJlcrgi^, p) is a Borel subset o/07t(X). 

Proof. We start with the following auxiliary proposition. 

Proposition 11. Let (X, S) be a standard Borel space. There exists a count- 
able set $ of bounded measurable functions on X such that for any proba- 
bility measure v on X and any bounded measurable function y9 : X — t- M 
there exists a sequence ipn G ^ such that 

(1) sup '^ni.x) < +oo; 

(2) LP ^ ip as n ^ oo almost surely with respect to u. 

Proof. On the unit interval take the family of piecewise-linear functions 
with nodes at rational points. □ 

We return to the proof of Proposition (TO] It is clear that for any fixed 
bounded measurable function (p on X the set 

{u : lim A^ip exists and is constant //-almost surely} 

n—>oo 

is Borel. Intersecting over all G $ and using Proposition [8l we obtain the 
claim. □ 

3. The sigma-algebra of G-invariant sets. 
3 .1. Measurable partitions in the sense of Rohlin. 

3.1.1. Lebesgue spaces. A triple (X, 3, z/), where X is a set, 3 a sigma- 
algebra on X, and v a measure on X, defined on 23 and such that S is com- 
plete with respect to u is called a Lebesgue space if it is either countable or 
measurably isomorphic to the unit interval endowed with the sigma-algebra 
of Lebesgue measurable sets and the Lebesgue measure (perhaps with a 
countable family of atoms). No Borel structure on X is assumed in this 
definition. 

3.1.2. Measurable partitions. A partition ,^ of X is simply a representation 
of X as a disjoint union of measurable sets: 

x = \Jx^. 

The sets Xq are called elements of the partition. For a point x, the element 
of the partition ^ containing x will be denoted (x) . A family of sets \E' 
is said to be a basis for the partition ^ if for any two elements Xi , X2 of ^ 
there exists a set Ai in ^ containing Ai and disjoint from A2. A measurable 
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partition ^ of {X, S, i/) is by definition a partition of a subset F C X of 
full measure which admits a countable basis. 

Following Rohlin, to a measurable partition { we assign the quotient 
space X{^) whose points are elements of the partition ^. We have a nat- 
ural almost surely defined projection map tt^ : X ^ X{^), which endows 
the set X{^) with a natural sigma-algebra !B(^), the push-forward of S, 
and the natural quotient-measure 17^, the push-forward of the measure u. 
Rohlin proved that the space {X{^), !B(^), 17^) is again a Lebesgue space. 
Furthermore, Rohlin showed that the measure u admits the canonical sys- 
tem of conditional measures defined as follows. For 17^-almost every ele- 
ment C of the partition ^ there is a probability measure uq on Q such that 
for any set A e !B the function int^ : X{^) — > R given by the formula 
intA(C) = i^e{A) is S-measurable and we have 

(13) i^{A)= j Vf,{A)dV^{Q). 

This system of canonical conditional measures is unique: any two systems 
coincide z/^-almost surely. To a measurable partition { we now assign an 
averaging operator A^on Li (X, u), given by the formula 

(14) AJ{x) - / /(x)di/e,(.) 

(the right-hand side is defined i/-almost surely by Rohlin's Theorem). Given 
a measurable partition ^, let be the sigma-algebra of measurable subsets 
of X which are unions of elements of ^ and a set of measure zero. Rohlin 
proved that for any / G Li {X, v) we have the i/-almost sure identity 

(15) E(/|!B^)=yi^/. 

Rohlin showed, furthermore, that every complete sub-sigma-algebra !Bi c 
S has the form !Bi = for some measurable partition ^ of the Lebesgue 
space {X, !B, i/). 

3.2. Borel partitions. Let {X, !B) be a standard Borel space. A decompo- 
sition 

X = [}X^, 

a 

where a takes values in an arbitrary index set and where, for each a, the 
set Xa is Borel, will be called a Borel partition if there exists a countable 
family 

Zl, ■ ■ ■ , Zn, ■ ■ ■ 



ERGODIC DECOMPOSITION FOR INDUCTIVELY COMPACT GROUPS 



19 



of Borel sets such that for any two indices ai, a2 where ai ^ a2, there 
exists i eN satisfying 

Xa-^ C Zi, Xa2 n Zi = 0. 

In this case, the countable family will be called the countable basis for the 
partition. 

If z/ is a Borel probability measure on X, then the space {X, S, z/) is a 
Lebesgue space in the sense of Rohlin, while a Borel partition now becomes 
a measurable partition in the sense of Rohlin. Observe that all conditional 
measures are in this case defined on the Borel sigma-algebra. 

3.3. The measurable partition corresponding to the sigma-algebra of 
invariant sets. Our first aim is to give an explicit description of the mea- 
surable partition corresponding to the a-algebra of G-invariant sets. 

Let $ be the set given by PropositionfTTland write $ = {(fi, Lp2, . . . , v?n, • • •}• 

Introduce a set p) by the formula: 

X(<l>, p) = {x eX : AP^^kix) is defined for all k e N}. 

The set X($,p) is clearly Borel. Observe that for any v G 97t(1, p) we 
have 

u{m{%p)) = i. 

Let be the space of all real sequences: 

We endow with the usual product (j-algebra, which turns it into a stan- 
dard Borel space. For r e M^, we introduce a subset X(r, $,p) by the 
formula 

X(r, $, p) = {xe p) : A^^M^) = k e N}. 

For any r G M^, the set X(r, $, p) is Borel, and we clearly have 

X($,p) = □ X(r,<|.,p). 

It is clear from the definitions that the Borel partition 

X = (X\X($,p))y □ X(r,<|.,p) 

r&W* 

has a countable basis. 
Introduce a map 

n$ : X($,p) 

by the formula 

n$(x) = (^^(/.i(x), ...,yi^</.„(x), ...). 
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The map 11$ is, by definition, Borel. Now, introduce a map 

Int$ : p) 

by the formula 



Int$(z/) = Lpidu,...,J Lpndu,... 

The map Int<i, is, by definition, Borel and injective. 

By Souslin's Theorem (see Q, 01), it follows the sets Int$(9H(T, p)) 
and Int$(97tcrg(2^, p)) are Borel. Introduce a subset Xcrg C X by the for- 
mula 

Xerg = n^Mint$(ajierg(T,p))). 

Again, Souslin's Theorem implies that the set Xgrg is Borel. We thus have 
the following diagram, all whose arrows correspond to Borel maps 



Int$) ^ollj. 




Int. ^-(/^'^) 

We shall now see that for any v e Tl{%, p) we have 

Z/(Xerg) = 1. 

Indeed, take an arbitrary u E S[)T(T, p). The Borel partition ^ now induces a 
measurable partition that we denote Let X(^'^) be the space of elements 
of the partition ^, or, in other words, the quotient of the space X by the 
partition ^. Let 

vre: X^X(r) 
be the natural projection map, and let 

be the quotient measure on X(^'^). 

By Rohlin's Theorem, //-almost every element C of the partition ^'^ car- 
ries a canonical conditional measure z/e- The key step in the construction of 
the ergodic decomposition is given by the following Proposition. 

Proposition 12. The measurable partition generates the a -algebra Jq, 
the u-completion of the a-algebra of Borel G-invariant sets. For u-almost 
every C we have uq G 2Jlerg(p, 
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The Proposition will be proved in the following subsection. Rohlin's 
decomposition 

V = j VQdv{Q) 

will now be used to obatain an ergodic decomposition of the measure u. 
Indeed, let the map 

mese -^aJterg(p,1) 
be given by the formula 

mes^i'(C) = vq. 
Proposition 13. The map mes^i' is v -measurable. 

Proof. Let (y9 be a bounded measurable function on X. Let a G M. By def- 
inition of the measurable structure on the quotient space X^^"), it suffices 
to show that the set 



{x e X : J (p (iz/e(x) > a} 
is i/-measurable. But by Proposition [T2] we have the i/-almost sure equality 



{x G X : J Lf duQi^x) > a} = {x E X : A'^^p^x) > a}. 

Since the set {x E X : A'^(p{x) > a} is Borel, the Proposition is proved. 

□ 

For x G X let Q^{x) be the element of the partition ^ containing x, and 
introduce a map 

Mes^ : X — > 97lerg(p,1) 

by the formula 

Mes^.^(x) = z/e^(^). 
We have a commutative diagram 



Mesci/ 



mcstiv 

x{n ^fmerg(p,i) 

In particular, the map Mes^^ is z^-measurable. Proposition [T2] immediately 
implies the following 

Corollary 3. For any v G Mei.g(T, p) we have z/(Xerg) = 1. The equality 

Mesg. = (Int$)~^ o n$ 

holds v-almost surely. 
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Denoting 

V = (Mes^i')^, = (mes^i')* z/, 
we finally obtain an ergodic decomposition 

u = J r]dv(r]) 

for the measure u. To complete the proof of the first two claims of Theorem 
[T]it remains to establish Proposition [T2] 

3 .4. Proof of Proposition [12l 

3.4.1. Proof of the first claim. 

Proof. On one hand, every element of the partition ^'^ is by definition G- 
invariant. 

Conversely, let A be G-invariant. Our aim is to find a measurable set A' 
which is a union of elements of the partition ^'^ and satisfies 

u{AAA') = 0. 

Take a sequence v9„^ G $ such that 

sup v^„fc(x) < +00 
km,xex 

and (pn^^ — )■ xa almost surely with respect to the measure z/ as A; — )• oo. 
Now let 

i?^ = {rGM^,r = (r„), lim r„, = 1} 

and let 

A'= \J X(p,<|.,r), 

r€RA 

A" = {xeX: A^Aix) = 1}. 
Since A is G-invariant, we have 

u{AAA") = 0. 

Since 

lim !fn, = XA 

//-almost surely and all functions are uniformly bounded, we have 

almost surely as A; — ?■ oo. It follows that 

u{A'AA") = 0, 

and, finally, we obtain 

u{AAA') = 0, 
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3.4.2. Proof of the second claim. 

Proposition 14. For every g E G, for u-almost every C G X{^'') and uq- 
almost every x & X we have 



due o Tg 

dup 



{x) = p{g,x). 



Proof. This is immediate from the uniqueness of the canonical system of 
conditional measures. Indeed, on the one hand, we have 



iyoTg= J ue o Tg diy{G); 



X{i-) 

on the other hand, 

voTg = p{g,x)-v= j p{g,x) ■ uedu{e), 

whence I'e-Tg = p{g,x)--UQfov i^-almost all 6 G X {^''), and the Proposition 
is proved. □ 

Fibrewise continuity of the cocycle is necessary to pass from a countable 
dense subgroup to the whole group. 

Proposition 15. Let pbe a positive Borel fibrewise continuous cocycle over 
a measurable action %x of a compact group K on a standard Borel space 
{X, !B). Let V be a Borel probability measure on X. Let K' G K be dense, 
and assume that the equality 

(16) ^ 

holds for all k G K'. Then v G 371(1/4-, p)- 

Proof. We start by recalling the following Theorem of Varadarajan (Theo- 
rem 3.2 in [O). 

Theorem 3 (Varadarajan). Assume that a locally compact second count- 
able group K acts measurably on a standard Borel space (X, S). There 
exists a compact metric space Z, a continuous action of K on Z and a K- 
invariant Borel subset Z' d Z such that the restricted action of K on Z' is 
measurably isomorphic to the action of K on (X, S). 
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Question. Under what assumptions does the same conclusion hold for 
Borel actions of inductively compact groups? 

We apply Varadarajan's Theorem to the action of our compact group K. 
Passing, if necessary, to the larger space given by the theorem, we may 
assume that X is a compact metric space, y a Borel probability measure, 
and that the action of K onX is continuous. Consequently, if kn — > koo in 
X as n — > oo, then 

V oTu u oTu 

run ft-oo 

weakly in the space of Borel probability measures on X. It remains to show 
that the measures u = p{kn, x) ■ v weakly converge to the measure p{k, x) ■ v 
as n — )■ cxD, and the equality v o T^.^ = p(/coo, x) ■ v will be established. First 
of all, observe that the function 

Pmax(a:) = maxp(/c,a;) 

is well-defined and measurable in X (since, by continuity, the maximum 
can be replaced by the supremum over a countable dense set). We shall 
show that for any bounded measurable function on X we have 

lim / '4){x)p{kn.,x) du[x) = I ijj{x)p{k^,x) du{x). 

n-s-oo J J 
X X 

Assume ip satisfies < ^ < I. For every x E X wq have 

lim p{kn,x) = p{koo,x). 

By Fatou's Lemma, 

ip{x)p{koo.,x) du[x) < lim inf / ip[x)p{kn.,x) dy{x). 



I 



For A/^ > set Xj^ — {x : Pmaxix) < N}. Take £ > and choose N large 
enough in such a way that we have 

i'{X\Xn)<s, J il!{x)p{koo,x) dui^x) < e. 

X\Xn 

Observe that since X„ is X-invariant, for all n 6 N we have 



/ 



ilj{x)p{kn, x) du{x) <uoTk^{X\ Xn) = u{X \ Xn) < e. 

X\Xn 

By the bounded convergence theorem, we have 

lim / 'ijj{x)p{kn,x) diy{x) = / ip{x)p{koo,x) di'{x), 

n-s-oo J J 
Xf^ Xjv 
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whence 



X 

Since e is arbitrary, the proposition is proved. 

We return to the proof of the second claim of Proposition [T2] 

First, take no G N and show that for i?-almost every C and all k G K{no) 

we have 

(17) ^ = 

Choose a countable dense subgroup K' C Kirio). The equality (fTTI) 
holds for all k E K' and for //-almost all C. But then fibrewise continuity of 
the cocycle p implies that (flTl) holds also for all k E K(no). Consequently, 
i^e G 5[)T(p, T) for //-almost all C. Now, by definition of the partition ^, for 
every G $ we have 

almost surely with respect to (indeed, the function A^cp is almost surely 
constant in restriction to C, but then the constant must be equal to the aver- 
age value). 

Since $ is dense in Li{X, uq), and uq E p), we conclude that is 

ergodic for //-almost every C, and the Proposition is proved completely. 

□ 

3 .5. Uniqueness of the ergodic decomposition. Consider the map 

Mes : m{%,p) aJt(9Jterg(T,p)) 
that to a measure u E p) assigns the measure 

V = Mes(z/) = (Mes^.)^z/. 

By definition, we have 

(18) u= j ridV{ri). 

Conversely, introduce a map ED : 9Jl(97tcrg('J^, p)) — ^ 9Jl(T, p) which takes 
a measure V E 0Jt(9Jlcrg(T, p)) to the measure v given by the formula (fTSl ). 

We now check that the maps ED and Mes are both Borel measurable 
and are inverses of each other. It is clear by definition that the map ED is 
Borel measurable and that ED o Mes = Id. We proceed to the proof of the 
remaining claims. 
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First we check that the map Mes is Borel measurable. Indeed, take 
«!, a2 G M, take a set A G 23(X) and consider the set C 97t(0Jterg('^, p)) 

given by the formula 



and measurability of the map Mes is proved. 

It remains to show that for a given measure u G p) there is only 

one measure V G 9}t(9Jtcrg(2^, p)) such that v = ED{y) — namely, V = 
Mes{iy). To prove this invertibility of the map ED it suffices to establish 
the following 

Proposition 16. LetVi,V2 G Dyt{Tlerg{1, p)). IfVi ± V2, then also ED (Vi) ± 
ED{V2). 

Proof. Let uq = ED{{Vi + V2)/2), and let Ai, A2 C mt(2nerg(T, p)) be 
disjoint sets satisfying 

z7i(Ai) = 772(^2) = 1; Vi{A2) = 772(Ai) = 0. 

The sets Xi = (Mes^^'o)""'^ (^1)' ^2 = (Mes^^o) ""^ {A2) are then disjoint 
and z/Q-measurable. Furthermore, by definition we have 

ED(V,){X,) = ED{V2){X2) = 1; ED{V,){X2) = ED{V2){X^) = 0, 

whereby the Proposition is proved and the uniqueness of the ergodic de- 
composition is fully established. □ 



In the proof of Corollary [T]we have constructed an ergodic decomposition 



It is clear that 



(Mes)^^ {a, 



) 



{p G p):u{{xeX: A^^xa^x) > > «2} 



4. Proof of Theorem [2] 



(19) 




where the measure z/ G WliWl^i erg) is automatically admissible. 

Given any positive measurable function : PS[)T°° — )■ R>o, we can de- 
form the decomposition (fT9] ) by writing 



(20) 
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Conversely, for any cr-finite measure u' e 9Jt°^(PS[)T°°) satisfying [u'] ~ 
[p*z>], we can immediately give a measure v e such that p*i> = 

i> and 



V — j T] dv{r]). 



Since v is admissible, the measure v with the desired properties is clearly 
unique. 

To complete the proof, we must now show that the measure class [p*z7] is 
the same for all admissible measures V occurring in the ergodic decompo- 
sition of the given measure v. 

Recall that the map P/ : '^f — )■ 9Jt is defined by the formula 

For A e M+ we clearly have 

Pf{\v) = Pf(u). 

The map Pj therefore induces a map from FOJlf to 9Jt, for which we keep 
the same symbol. 

The map P/ : POJtj" — >^ 9Jt is invertible: the inverse is the map that to a 
measure u edJl assigns the projective equivalence class of the measure j. 
By definition, given any ergodic decomposition 



1/ — 
vn 



rj du{ri) 



of a measure v e dJlf, for the measure v e 9Jt(9Jt°°) we have 



Take therefore an ergodic decomposition 
(21) " / 



951°° 



Applying the map P/, write 

[ 



(22) P/i/ = / Pfr)-^QdD{r]). 



moo 
-'■"erg,/ 



The measure 

is a probability measure on QJl^g,/ since so is P/77 for any 77 e 9Jtj° 
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By definition, the formula (|23l) yields an ergodic decomposition of the mea- 
sure PfU E OJt(T, p/), indeed, the measure {Pf)^i> is by definition sup- 
ported on 97terg(2^, Pf)- Since ergodic decomposition is unique in pj), 
we obtain that the measure (-P/)* z> does not depend on a specific initial er- 
godic decomposition (|2T]) . 

From the clear equality [z>] = [u] it follows that 



and, consequently, the measure class [{Pf)* i'] does not depend on the spe- 
cific choice of an ergodic decomposition (|2TI) . 

Now recall that the map Pf induces a Borel isomorphism between Borel 
spaces POJtj^ and 971. Since the measure class [(-P/)* y ] does not depend on 
the specific choice of an ergodic decomposition, the same is also true for 
the measure class [p* z/ ]. The Proposition is proved completely. 

4.1. Finite and infinite ergodic components. Ergodic components of an 
infinite G-invariant measure can be both finite and infinite, and the pre- 
ceding results immediately imply the following description of the sets on 
which finite and infinite ergodic componets of an inifnite invariant measure 
are supported. 

Corollary 4. Let %be a measurable action of an inductively compact group 
G on a standard Borel space (X, 3), and let v be a a-finite %-invariant 
Borel measure on X such that the space v) contains a positive Borel 

measurable fibrewise continuous function. There exist two disjoint Borel 
G-invariant subsets Xi, X2 ofX satisfying XiU X2 = X and such that the 
following holds. 

(1) There exists a family Yn of Borel G-invariant subsets satisfying piYn) < 
+00 and such that 



X^ = [jYn. 



n 



If Y is a Borel G-invariant subset satisfying v{Y) < +00, then 
z/(Xi \ F) = 0. With respect to any ergodic decomposition, almost 
all ergodic components of the measure z/|xi are finite. 
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(2) If(p is a bounded measurable function, supported on X2 and square- 
integrable with respect to v, then for the corresponding sequence of 
averages we have in L2{X, v). With respect to any er- 

godic decomposition, almost all ergodic components of the measure 
i>\x2 are infinite. 

By definition, tlie sets Xi, X2 are unique up to subsets of measure zero. 

In the case of continuous actions, a following description can also be 
given. Let X be a complete separable metric space, and let z/ be a Borel 
measure that assigns finite weight to every ball. Given a point x G x, 
introduce the orbital measures r^" by the formula 

j 5nxdHK{n){k). 
K{n) 

Equivalently, for any bounded continuous function / on X, we have 

j fdVx = j f{Tkx)d^iK{n){k). 

X K(n) 

In this case the sets Xi, X2 admit the following characterization: the 
set Xi is the set of all x for which the sequence 77" weakly converges to a 
probability measure as n — 00, while the set X2 is the set of all x such that 
for any bounded continuous function / on X whose support is a bounded 
set, we have 

lim / fdv: = 0. 

X 

5. KOLMOGOROV'S EXAMPLE AND PROOF OF PROPOSITION [IJ 

5.1. Kolmogorov's Example. For completeness of the exposition we briefly 
recall Kolmogorov's example [5] showing that, for actions of large groups, 
ergodic invariant probability measures may fail to be indecomposable. 

Let G be the group of all bijections of Z, and let be the space of 
bi-infinite binary sequences. The group G acts on and preserves any 
Bernoulli measure on ^^2- 

Let Go C G be the subgroup of finite permutations, that is, permuta- 
tions that only move a finite subset of symbols. The group Go is induc- 
tively compact. De Finetti's Theorem states that Go-invariant indecompos- 
able (or, equivalently, ergodic) probability measures on ^^2 are precisely the 
Bernoulli measures. 

It follows that G-invariant indecomposable probability measures are pre- 
cisely Bernoulli measures as well. Nonetheless, if ui and 1^2 are two distinct 
non-atomic Bernoulli measures on ^2, then the measure ^^i±i^ is ergodic! 
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Indeed, the group G has only countably many orbits on and it is easily 
verified that any G-invariant set must have either full or zero measure with 
respect to 

5.2. Proof of Proposition [Tl As before, let (X, S) be a standard Borel 
space. Let G be an arbitrary group, and let % be an action of G on X. The 
action T will be called weakly measurable if for any g E G the transforma- 
tion Tg is Borel measurable. Similarly, a positive multiplicative cocycle 

p: Gx X — ^ M>o 

will be called weakly measurable if for any g E G the function p(g, x) 
is Borel measurable in x. For a weakly measurable cocycle p the space 
9Jt(T, p) is defined in the same way and is again a convex cone. A measure 
v E 9Jl(T, p) will be called strongly indecomposable if a representation 

u = avi + (1 — 0)^2 

with z/i, z/2 E QJt(T, p), a E (0, 1) is only possible when z/ = z/i = z/2. A 
measure u will be called weakly indecomposable if for any Borel measur- 
able set A satisfying, for every g E G, the condition i'(AATgA) = 0, we 
must have i^{A) = or ^'{A) = 1. 



Proposition 17. A measure u E 9Jt(T, p) is weakly indecomposable if and 
only if it is strongly indecomposable. 

It is more convenient to prove the following equivalent reformulation. 

Proposition 18. Let p be a positive multiplicative weakly measurable co- 
cycle over a weakly measurable action of a group G on a standard Borel 
space (X, S). Let z/i, U2 E 97t(T, p) be weakly indecomposable. Then either 
Vi = z/2 or Ui ± z/2. 

Proof. Indeed, let z/i, z/2 E 971(1, p) be weakly indecomposable. Consider 
the Jordan decomposition of z/i with respect to z/2 and write 

1^1 = 1^2 + Z/3, z/2 < Z/2, Z/3 ± Z/2. 

Since z/2oTc, ^ z/2, we also have z/2 (\Tg A) = for each (7 E G. It follows 
that for each g E G we have i'i(AATgA) = 0, whence either z/i(y4) = or 
z/i(A) = 1. If uiiA) = 0, then z/i ± z/2, and we are done. If i'i{A) = 1, 
then z/3 = 0, and we have z/i ^ z/2. Set 

^ dh'2 

Since z/i,z/2 E 971(1, p) and z/i ^ z/2, for each G G the function cp 
satisfies, z/2-almost surely, the equality 

(f{TgX) = (P{X) 
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But then, the weak indecomposability of V2 implies that (p = 1 almost 
surely with respect to z/2, and, therefore, 1^1 = V2- The Proposition is proved 
completely. □ 
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